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The Comment [1] asserts that the surface pair-density-
wave states with higher critical temperature reported
in [2, 3] are not supported by microscopic theory. We
demonstrate below that the claim is incorrect. The ar-
gument in [1] is based on an approximate treatment of
semi-microscopic quasiclassical model. As we pointed out
in [3, 4], Ginzburg-Landau (GL) and quasiclassical theory
descriptions of enhanced surface critical temperature is
subtle. If straightforwardly applied, GL and quasiclassics
in general can miss surface states with higher critical tem-
perature than the bulk critical temperature. We already
studied the question in a fully microscopic theory which
unambiguously shows the existence of surface states with
critical temperature higher than the bulk critical temper-
ature [3]. Here we show microscopically obtained surface
states in yet another regime, to demonstrate that the pre-
viously obtained solutions did not require fine-tuning.
Three points are raised in the Comment concerning
the GL model used by us in [2, 3]. Point (i) highlights
that we use HFFLO(T ) ≈ H0(T ) in [2], which is justi-
fied close to the tri-critical point. Indeed, we use that
approximation because it is that regime where the GL
theory itself can be used justifiably. Nonetheless, we
also used non-approximated coefficients, such as in [3]
Eqs.(2-4). Obviously, this does not affect the conclu-
sion, i.e. whether surface pair-density-wave states exist
or not. Point (ii) addresses the use of truncated gra-
dient expansion. Evidently the GL part of our work,
by construction, applies in the vicinity of the tri-critical
point, where the order parameter varies on macroscopic
lengthscales. Thus, a truncated gradient expansion, is
justified for the description of long-wavelength physics in
that regime. Understanding the effect at shorter length
scales is beyond a GL approach, and was one of the mo-
tivating factors for our microscopic study in [3] [5]. Point
(iii) asserts that the GL theory we use was obtained with
bulk Green’s functions. The consequences arising from
this fact for the boundary of a s-wave superconductor
were indeed discussed in our paper [6]. This specific part
of the arXiv version of the paper was separated from the
published version [4] and its extended version will be pub-
lished shortly by us. Related questions are also touched
upon in [3]. These were precisely the reasons for studying
the problem in a fully microscopic approach [3, 4].
Despite opening with the claim that the states are not
supported by microscopic theory, the Comment does not
attempt to disprove the microscopic results reported by
us in [3]. Instead the Comment ends by putting forward
the conjecture that the surface pair-density-wave states
obtained in [3] by solving the Bogoliubov-de Gennes
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Figure 1: Phase diagram obtained by solving the micro-
scopic Bogoliubov-de Gennes equations. It demonstrates
the existence of the surface states with higher critical
temperature than the critical tempereature of bulk super-
conductivity. Here T and h denote the temperature and
the Zeeman splitting energy. The solid curve hbulk(T )
shows the transition from bulk to surface superconduc-
tivity, while the dashed curve hsurface(T ) shows the tran-
sition from surface superconductivity to the normal state.
The circular markers hLO(T ) are points on the transition
curve from the uniform to the pair-density-wave state.
The order parameter configuration of surface states at the
two points A and B are shown in the subplot, where A is
a surface pair-density-wave state. Contrary to the claim
in the Comment [1], surface pair-density-wave states are
present even when spin-splitting 2h is small compared to
bandwidth 4t = 4.
equations may be features of “extreme parameters when
the spin-splitting of bands is comparable to the band-
width”. The claim is factually incorrect. FIG. 5 and
FIG. 6 in [3] already demonstrated the presence of surface
states in a regime with spin-splitting µ↑−µ↓ = 2h = 0.6,
substantially smaller than the bandwidth 4t = 4.
Nonetheless we take this opportunity to highlight the
absence of any fine-tuning or any extreme limit. Be-
low we provide self-consistent numerical solutions to the
Bogoliubov-de Gennes equations for a one-dimensional
s-wave superconductor in the tight-binding model, at
weaker interaction and spin-splitting than in [3]. More
specifically we fix the hopping parameter t = 1, the in-
teraction strength V = 1 and the chemical potential
µ = 1 and vary the temperature T and Zeeman split-
ting energy h (see definition of parameters in section VI
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2in [3]). Figure 1 shows that there is a difference between
bulk and boundary critical temperatures for all values of
spin-spitting down to zero. The order parameter con-
figuration at the two point A and B are shown, where
(T, h)A = (0.0075, 0.018) and (T, h)B = (0.01, 0.0164)
respectively. Contrary to the assertion in the Comment,
surface pair-density-wave states are present and can be
observed for example at point A, where µ↑−µ↓ = 0.036,
that is 6% of the spin-splitting in [3].
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